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Abstract

The schedulability analysis problem for many realistic If a task set is schedulable then the algorithm is guaran-
task models is intractable. Therefore known algorithms ei- teed to return the correct answe€HEDULABLE. But if a
ther have exponential complexity or at best can be solvedtask set is not schedulable then for some cases the algorithm
in pseudo-polynomial time, thereby restricting the applica- might incorrectly returlSCHEDULABLE as well. However,
tion of the concerned models to a large extent. We intro- in such cases, it is guaranteed that no job can miss its dead-
duce the notion of “approximate schedulability analysis” line by a time interval which is “too large”. The maxi-
and show that if a small amount of “error” (which is spec- mum length of time by which a job can miss its deadline
ified as an input to the algorithm) can be tolerated in the (in case the algorithm incorrectly returBEHEDUL ABL E)
decisions made by the algorithm, then this problem can beis bounded and is parameterized by an input error param-
solved in polynomial time. Our algorithms are analogousto eters. The smaller the value of, the smaller is this time
fully polynomial time approximation schemes in the context interval and the higher is the running time of the algorithm.
of optimization problems. We show that this concept of ap- Therefore¢ represents a tradeoff between the maximum er-
proximate schedulability analysis is fairly general and can ror incurred and the running time of the algorithm.
be applied to any task model which satisfies certain “task-  In contrast to suclptimistic algorithmsit is also pos-
independence” assumptions. Lastly, we substantiate oursible to desigmpessimistic algorithmshich always return
theoretical results with experimental evidence and clearly the correct answer if a task set is not schedulable. However,
show the tradeoffs between the running time of the scheduif a task set is schedulable then the algorithm might err and
lability analysis and the error incurred for various values incorrectly returrhNOT SCHEDULABLE. As in the previous
of the input error parameter. case, the error incurred by such wrong decisions is bounded
1 Introduction and is parameterized by This means that task sets for

Schedulability analysis for any real-time task model is which the algorithm incorrectly returMdOT SCHEDUL A-
concerned with determining whether it is possible to as- BLE can load the processor “heavily”, in the sense that there
sign to each job a processor time equal to its executionexXists time intervals over which the processor might be al-
requirement, between its ready-time and its deadline. Un-most always occupied if the deadline of all jobs are to be
fortunately, for most realistic task models this problem is met. Here, the length of time, within such time intervals,
intractable (usually co-NP-hard) and therefore known algo- for which the processor can be idle is a measure of the error
rithms either have exponential complexity, or at best can incurred. As before, the smaller the value-pthe smaller is
be solved in pseudo-polynomial time. Under these circum- the error, but at the expense of increasing the running time.
stances, current research in the real-time systems area has For certain task models we additionally give a third class
focussed either on obtaining efficient pseudo-polynomial of algorithms which can incur a double-sided error, mean-
algorithms for these models, or on finding polynomial time ing that bothSCHEDULABLE and NOT SCHEDULABLE
algorithms for special cases of these models. Either of answers can be wrong. However, we show that for such
these solutions, nevertheless, largely restricts the use ofalgorithms the maximum error in either direction is less
such models for the design and analysis of realistic systemsthan the error incurred for the equivalent optimistic and pes-

The work presented in this paper remedies this situationsimistic algorithms.
to a large extent. It is based on the observation that if a The work in this paper leads to polynomial time algo-
small amount of error in the decisions made by a schedula-rithms for approximate schedulability analysis for various
bility analysis algorithm is acceptable, then it is possible to well known task models such as the Sporadic model due
design such algorithms to run in polynomial time. This idea to Mok [8], the Multiframe model of Mok and Chen [9],
is similar in spirit to obtaining approximation algorithms the Generalized Multiframe model of Baruahal. [3], and
for NP-hard optimization problems [7]. Algorithms fap- the recently proposed Recurring Real-Time task model of
proximate schedulability analysise of the following form. Baruah [2, 1]. The known algorithms for (exact) schedu-



lability analysis for all of these models are either pseudo- model, the Generalized Multiframe model and the Multi-
polynomial or have exponential running time. Besides this, frame model.

the other rationale behind approximate schedulability anal-  In the next section we describe an abstract model of task
ysis is that in many application domains such as embed-systems which satisfies the task-independence assumptions.
ded systems, it is difficult to evaluate the worst-case exe-Following this, we describe our general framework for ap-
cution times of jobs accurately. This is due to factors such proximate schedulability analysis applied to this abstract
as caching and pipelining in embedded processors. In suchask model. In Section 3 we describe the Recurring Real-
cases, either the worst-case execution times of jobs are overfime task model which belongs to the described abstract
estimated, or it is acceptable for jobs to miss their deadlinesframework. Section 4 describes our algorithms for the Re-
by small amounts of time. In either case, an approximate curring Real-Time task model, following which we show
schedulability analysis, in the sense we described abovepur experimental results for this model in Section 5, illus-
would suffice for all practical purposes. In other domains trating the tradeoffs between running time and accuracy for
such as multimedia applications or networking, although various values of the input error parameter. Finally, in Sec-
the execution requirements of jobs can be accurately de-tion 6 we briefly outline how our algorithms extend to other
termined, if a job misses its deadline by a small amount of task models such as the Sporadic model, Multiframe model
time then the performance of the system (quality of audio and the Generalized Multiframe model.

or video) does not deteriorate significantly. 2 An Abstract Model of Task Systems

Our contributions and relation to previous work. To In this section we present an abstract model of task sys-
the best of our knowledge, the concept of approximatetems and a generic framework for (exact) schedulability
schedulability analysis was not investigated until very re- analysis for models satisfying the conditions imposed by
cently. Most of the research on obtaining efficient algo- this abstract model (see also [3]). Based on this framework,
rithms for schedulability analysis for different real-time we then outline two basic building blocks which make
task models focussed on designing either efficient pseudo-up our algorithms for approximate schedulability analysis.
polynomial algorithms or polynomial time solutions for re- Concrete examples of these two building blocks are given
stricted versions of the models. in Sections 4 and 6 where we derive algorithms for various
In [6] it was shown that for a certain task model con- known task models.
sisting of a collection of “one-shot” task graphs, where the A taskin this abstract model generates a (possibly infi-
control flows from thesourceto the sink vertex of a task  nite) sequence gbbs Each job is characterized byeady-
graph only once, the schedulability analysis problem is in- time, anexecution requiremenand adeadline A task set
tractable. Further, a polynomial time algorithm for approxi- consists of a collection of such tasks, all of which are to
mate schedulability analysis was given for such a collection be executed on a single shared processor and jobs are pre-
of task graphs. However, no recurring behavior of these taskemptable. We consider only the preemptive uniprocessor
graphs was considered, as done in the case of all real-timease here, but in general there can be multiple shared pro-
task models. In [5] the conditions for the non-preemptive cessors and a job once scheduled for execution need not be
version of the schedulability analysis of the same model preemptable. The generation of jobs by a task is constrained
was derived and it was shown that similar techniques for by a set of rules, which for example might be that there is
approximate schedulability analysis can be applied here asa minimum separation in time between the generation of
well. two consecutive jobs by a task. Jobs generated according
The results of [6] and [5] do not extend to the case of to these constraints are said tolbgal. The schedulability
recurring executions of the task graphs, which would then analysis of a given task set is concerned with determining
be equivalent to the Recurring Real-Time task model pro- whether it is possible to assign to each job a processor time
posed by Baruah [2, 1]. The techniques in [6] and [5] also equal to its execution requirement between its ready time
do not apply to other task models such as the Multiframe and its deadline, for all possible legal job sequences gener-
model or the Generalized Multiframe model. The work pre- ated by tasks of the task set.
sented in this paper builds on the techniques given in [6] The rules that govern the generation of jobs by a task can
and shows that it is possible to derive polynomial time algo- be stated in the form of the following twtask independence
rithms for approximate schedulability analysis for a variety assumptions(i) The runtime behavior of a task is indepen-
of task models which satisfy certaiask-independence as- dent of any other tasks in the system. (ii) The constraints
sumptionggiven in [3]. These assumptions are extremely according to which legal job sequences are generated can be
general and are satisfied by many task systems encounspecified without any referencesabsolute timeAssump-
tered in practice. As a consequence, it is possible to derivetion (i) states that each task generates jobs independently of
polynomial time algorithms for approximate schedulability the jobs generated by other tasks in the system. Therefore,
analysis for models such as the Recurring Real-Time taskit is not permissible, for example, to require a task to gen-



erate a job in response to a job generated by another task. lD Approximate
Assumption 2 states that all temporal specifications defining o
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generated) is nat priori known. For example, a task can Building Black 1 Buikling Black 2
begin execution in response to some external event. Figure 1. A framework for approximate schedulability
The task independence assumptions do not assume any- analysis.c abdd are the input error parameters.
thing about the interactions between the jobs. Once a job istjme [6]. Hence, the overall algorithm for schedulability
generated, it executes independently of any other job in theanaysis for all these models run in pseudo-polynomial time.
system, including those generated by the same task. Since the schedulability analysis problem for some of these
These assumptions are followed by a wide variety of task j,odels (such as the Recurring Real-Time task model) is
systems such as the Sporadic model, Multiframe model,known to be intractable [6], at least for these models this
Qenerallzed Multiframe model, and the Recurring Real- 5 the pest one could hope for in terms of asymptotic com-
Time task model. plexity (unless P = NP). On the other hand, for models such
2.1 Exact Schedulability Analysis as the Sporadic task model, the complexity of schedulability
For the abstract task model described above, a generianalysis is still not known.

framework for schedulability analysis was presented in [3]. 2.2 A Framework for Approximate Schedulabil-

It is based on a generalization of tipeocessor demand ity Analysis

criteria introduced in [4]. In this framework, the worst In its most general form, our framework for approximate
case workload generated by a task is represented by a funcschedulability analysis relies on the following two building
tion called thedemand-bound functioiThe demand-bound  pjocks (see Figure 1). (i) Obtaining an approximation algo-
function of a taskI', denoted byI".dbf(t), takes as an ar-  rithm to compute the demand-bound functibrib f (¢) for
gument a positive real numbeand returns the maximum  any task graphi” and time interval of lengthin polynomial
possible cumulative execution requirement by jobs that cantime. (i) Instead of checking the value O o T.dbf(t)

be legally generated i and which have their ready-times  for all t = 1, ..., .. (Which can be pseudo-polynomial
and deadlines within any time interval of Iengthased on number of Checks)’ 0n|y a p0|yn0mia| number of checks
this function, a method for schedulability analysis of a task gre done.

system consisting of a set of tasks is given by the following  Both the above two steps result in soereor. The main

theorem. contribution of this work is to show that if an appropri-
Theorem 1 (Baruah et al. [3]) Atask sefl is schedulable ate polynomial time approximation algorithm exists for the
if and only if for allt > 0, > .. T.dbf(t) < t. first step then theotal error incurred by the approximate

Therefore T is not schedulable if and only if there ex- schedulability analysis from the two steps is bounded (in a
ists somef for which .., T.dbf(f) > {. The schedu- ~ Sense that we desc'ribe later) and it is ppssiple to obtain a
lability analysis algorithms for many known task models tradeoﬁ between this error and the running time of the al-
(such as the Sporadic model, the Generalized Multiframe 90fithm. o .
model, and the Recurring Real-Time task model) are based L€t us assume that an approximation algorithm for com-
on identifying an upper bounth., such that if7 is not puting the demand-bound functididbf(t) exists and it
schedulable then there exists some< ., for which takes as an input an error parameteand in polynomial
Srer T.dbf(f) > . Hence, a schedulability analysis al- time returns for e&ny an approximate value of the/function
gorithm is based on checking¥f .., T.dbf (t) is greater ~ denoted byI'dbf’(t), such thatl'.dbf(t) = T.dbf'(t) =
thant for all ¢ < tyax. If Yoy T.dbf(t) is less than or f(e)T.dbf(t), wheref is some function ot. Hence, we

equal tot for all such values of then the algorithm returns  have 1 T.dbf'(t) > T.dbf(t) > T.dbf'(1) (1)
SCHEDULABLE, else it return®NOT SCHEDULABLE. f(e) - -
However, for all the models mentioned abogig, turns For example, if the approximation algorithm is a fully-

out to be pseudo-polynomial in the size of the input. Addi- polynomial time approximation scheme (FPTAS) [7] then
tionally, for some models such as the Recurring Real-Time T.dbf > T.dbf'(t) > (1 —¢)T.dbf(t) and hence the above
task model, the problem of computing the valugatb f (¢) inequality (1) takes the forn@i—ET.dbf’(t) > T.dbf(t) >

for anyt is NP-hard and also requires pseudo-polynomial T.dbf’(t).



If the size of the input specification of the tagkis ity analysis if t,ax IS pseudo-polynomial in the size of
O(n) and0 < € < 1, then such an FPTAS for computing the problem specification, since then a pseudo-polynomial
T.dbf’(t) for anyt runs inpoly(n, 1) time (wherepoly de- number of checks have to be done. To avoid this, if there
notes some polynomial function) and the smaller the value arem tasks in7 then we instead perform a check only for
of ¢ the less is the error in estimatifigdb f (¢), however,at ¢ = K,2K,..., (|2 | + 1)K, whereK = pg;f;,(%_ Here
the cost of increasing the running time. d is an input error parameter to the algorithm (similas in

Hence, for any > 0, ﬁT.dbf’(t) andT.dbf’(t) can the case of approximating the demand-bound function) and
be used as upper and lower boundsFodbf (t) and such  poly(m) is any polynomial function ofn. Hence, the total
bounds can be computed in polynomial time. Our approx- number of checks is no@(%(m)), which is polynomial
imate schedulability analysis is based on using either thisin the size of the input.
upper or lower bound fof".dbf () to check if the sum of We now bound the error incurred by such an algo-
the demand-bound functions for all the tasks in the task setrithm. Consider the algorithm where we check the value
7 exceeds for any value of < tyax. of Y ey T.dbf (t) att = K, 2K, ..., (| %=] + 1)K and

Let us first suppose that we use the lower bound returnNOT SCHEDULABLE if for any of these values df
T.dbf'(t), and for anyt < tnax returnNOT  SCHEDUL A- Srer Tudbf(t) > t and else we returSCHEDULABLE.
BLEf Y por T.dbf'(t) > t. If Yoo 7 Tudbf'(t) < t, for If 7 is schedulable, then clearly such an algorithm always
all t < ty,ax then we returSCHEDULABLE. Such an algo-  returns the correct answer. But for some task sets which
rithm is overlyoptimisticin the sense that if a task sEtis are not schedulable, the algorithm might incorrectly return
schedulable then the algorithm is guaranteed to return theSCHEDUL ABLE as well. However, in such cases a job from
correct answer. However, for some task sets the algorithmsuch a task set might miss its deadline by at n¥égime
might incorrectly returrSCHEDULABLE even if they are  units.

not. In such cases, for SOMES tiax, D e T-dbf (t) >t The idea behind the algorithm is that since
but > e T-dbf'(t) < t. Therefore, the error incurred s~ T.dbf(t) is a non-decreasing function of, if

is equal t0) o7 T.dbf(t) — > per T-dbf'(t) < (1 — its value at some exceedg’ by a large number then even
f(€) Xorer T-dbf(t). with a polynomial number of checks it would be possible

Hence, for such a value df a job can miss its dead- to come across someclose tot’ at which the value of
line by at most(1 — f(g)) > pcr T-dbf(t) time units (in - the function exceeds. To see this, consider some time
the case of an FPTAS for approximatifigdb f (¢), this is interval [i K, (i + 1)K]. If Y., T.dbf(iK) < iK and
equal tos 3", T.dbf(t)). For small values of, suchan Y~ T.dbf((i + 1)K) = (i + 1)K (and hence the
algorithm can therefore make an error only for task sets in condition for schedulability is met at these two points),
which jobs can miss their deadlines only by small intervals then in the worst casg por T.dbf(iK + A) = (i+ 1)K,
of time. where A — 0, and hence a job fron¥ can miss its

Alternatively, it is possible to design pessimistic al-  deadline by at mosk’ time units. This argument applies to
gorithm, which for a task sef” returnsSCHEDULABLE if all intervals, the end points of which are only checked by
Srer ﬁT.dbf'(t) <t forallt < tnax, elseitreturns  the algorithm.

NOT SCHEDULABLE. SinceﬁT.dbf’(t) is an overesti- As in the case of the previous approximate schedulability
mate ofT.dbf (), such an algorithm always returns the cor- analysis based on approximating the demand-bound func-
rect answer if a task set is not schedulable. However, fortion, here, too, it is possible to design a pessimistic algo-
certain task sets which are schedulable, this algorithm mightrithm. For this we check the value Of ;.. T.dbf(t) at
return an incorrect answer. In such cases, for some ¢ = K,2K, ..., (| "= |+ 1)K and returrNOT SCHEDU-
tmaxs Soper T-dbf(t) < t but s ﬁT.dbf’(t) > LABLE if for any of these values of, > .., T'.dbf(t) >
t. The error incurred is equal tp ;.. ﬁT.dbf’(t) — t—K ar_ld else we returBCHEDULAI_BLE. )

1 f(e) If 7 is not schedulable then this algorithm always re-
Yrer T-dbf(t) < 55 Xrer T-dbf (). turns the correct answer. To see this, supposeZhatnot

Therefore, task sets for which this algorithm can err are gchedulable. Then there exists an inteval, (i + 1)K]
those which over some time interval of lengtltan load such that for some € [i K, (i + 1)K], Yoy T.dbf(t) >
the processor for at least- “2 Y, ., T.dbf(t) time . Since Y., T.dbf(t) is a non-decreasing function,
units (which in the case of the FPTAS for approximating .., T.dbf((i + 1)K) > iK and hence our algorithm
T.dbf(t)ist—15=> .y T.dbf(t)). Hence, for smallval-  returnsNOT SCHEDULABLE. For task sets” which are
ues ofe these are task sets which in a sense can “heavily” schedulable, this algorithm can return an incorrect answer
load the processor. and clearly the error in these cases is boundedshy.e.

The above algorithms by themselves do not result in for such7 there exist time intervals of lengthover which
a polynomial time algorithm for approximate schedulabil- the processor can be occupied for at lgastK time units.




6tnlax
poly(m)’

SinceK = a smaller value o reduces the max-

mum possible total error incurred by the algorithm is equal

imum error that can be incurred by both the optimistic and to K + 1;(—’;()6) Srer Todbf'(([132=] + 1)K).
the pessimistic algorithms, at the cost of increasing the pegmistic Algorithms. Here we check the value of

number of checks to be performed and hence the runnin

time of the algorithm.
2.2.1 Bounding the Total Error

In this section we present algorithms obtained by combin-
ing the two steps described above (i.e. approximating the
demand-bound function, and performing a polynomial in-

stead of a pseudo-polynomial number of checks to ver-

O rer 75 Tdbf'(1) att = K,2K, ..., (|| + DK

and returnNOT SCHEDULABLE if for any of these val-
ues oft, w5 Y rcr IMdbf'(t) > t — K. Following
the reasoning given in Section 2.2, this algorithm is guar-
anteed to return the correct answerZfis not schedu-
lable. But it might err if7 is schedulable. To bound
the error in such cases, suppose that for sekiel <

K

ify whether the sum of the demand-bound functions for ;, (| tmax | 4 1), ﬁ Yoy Tdbf(iK) > (i — 1)K

any t exceedst). As before, we present two classes of
algorithms—optimistic and pessimistic—and give a bound
on the maximum error that can be incurred in both the cases
Both of these algorithms perform an approximate schedula:

bility analysis in polynomial time, and the total error in-

curred depends on the values of the input error parameter$ ., T.dbf'(iK) =

(and therefore our algorithm returifdOT SCHEDULA-
BLE) but ), ., T.dbf(iK) < iK. Hence, the error in-

curred atiK is equal 0K + 55 Yy T2dbf/(iK) —

Yrer Tdbf(K) < K+ 55 Yper T-dbf'(iK) —
K+ S Y, Tdbf(iK).

¢ andé. The smaller these values, the less is the error but atHence, the maximum error incurred by this algorithm is also

the cost of the running time increasing appropriately.

Optimistic Algorithms. For algorithms of this class,
we check the value of) . T.dbf'(t) at t =
K,2K,...,(|®=] 4+ 1)K and returnNOT SCHEDULA-
BLE if for any of these values of, .., T.dbf'(t) > ¢
and else returrBCHEDULABLE. As before,T.dbf’(t) is
an approximate value df.dbf(t) such thatT'.dbf(t) >
T.dbf'(t) > f(e)T.dbf(t) for anyt. Note that this algo-
rithm takes as input two error parametesndJ.

If 7 is schedulable theh .. T.dbf(t) is less than or
equal tot for all values oft at which this sum is checked,
and sincel.dbf(t) > T.dbf’(t), our algorithm is guaran-
teed to returrSCHEDULABLE.

Now consider the case wherE is not schedulable.

equal tok + L5 57 Tudbf' (| B3] + 1)K).

The running times of both the optimistic and the pes-
simistic algorithms are polynomial, assuming that there ex-
ists a polynomial time approximation algorithm for com-
putingT.dbf (t) for any taskl" and time interval of length
t. For example, if the later algorithm is an FPTAS, and the
specification of any task is of the size(n) and7 con-
tainsm such tasks, then the total running time of any of
the algorithms for approximate schedulability analysis is

O(poly(m,n, 5, 7).

3 Recurring Real-Time Task Model

In this section we give the first example of a task model
satisfying the constraints imposed by the abstract model of

Here our algorithm can return an incorrect answer, andtask systems described in Section 2. This model, called the

there are two sources of possible error. Consider tany
at which the value ob .. T.dbf’(t) is checked by our
algorithm. If for any sucht, >, ., T.dbf(t) > t but

Y orer T-dbf'(t) < t then we incur a maximum error of
(1 = f(e)) >Xoper T-dbf(t) which is less than or equal to

O S o Tudbf(8).

Secondly, consider any interv@K, (i + 1)K] such
that the value ofy ., T.dbf’(t) is checked at = iK
and¢ = (i + 1)K and for both these values of the
sum is less than or equal to The worst case error in-
curred in such a case occurs whgn, ., T.dbf'(iK +
A) = (i + 1)K where A — 0, and therefore
this error is equal toK. Taking into account that
Yrer T-dbf(iK) < 75 Yrer T-dbf'(iK), the total er-
ror incurred by the algorithm within this interval is equal
0 K + 7155 Srer T-dbf'(iK) — Yper Tdbf(iK) <
K+ 552 5 Tdbf iK).

Since fort = K,2K,...,(|*=] + 1)K, the value of
T.dbf'(t) is maximized at = (| *32=] + 1)K, the maxi-

Recurring Real-Time task model was introduced by Baruah
[2, 1]. Itis especially suited for accurately modeling con-
ditional real-time code with recurring behavior, i.e. where
code blocks have conditional branches and run in an infinite
loop (see [1, 6, 5]).

A recurring real-time task’ is represented by a task
graph which is a directed acyclic graph with a unique source
(a vertex with no incoming edges) and a unique sink (a ver-
tex with no outgoing edges) vertex. Associated with each
vertexv of this graph is its execution requiremeit), and
deadlined(v). Whenever the vertex is triggered it gen-
erates a job which has to be executeddtr) amount of
time within d(v) time units from the triggering-time. Each
directed edgéu, v) in the graph is associated with a min-
imum intertriggering separation(u, v), denoting the min-
imum amount of time that must elapse before the vertex
can be triggered after the triggering of the vertex

The semantics of the execution of such a task graph state
that the source vertex can be triggered at any time, and if
some vertex: is triggered then the next vertexcan be trig-



gered only if there exists a directed edgev) and atleast 4 Algorithms for Approximate Schedulabil-
p(u,v) amount of time has passed since the triggering of ity Analysis

the vertexu. If there are directed edgés, v,) and(u, v3)

from the vertexu (representing a conditional branch) then  In this paper we will be only concerned with dynamic-
only one among, andwv, can be triggered, after the trig- priority schedulability analysis, and Theorem 1 in Sec-
gering ofu. The triggering of the sink vertex can be fol- tion 2.1 applies to this class only. However, it may be
lowed by the source vertex getting triggered again but anynoted that our general scheme for approximate schedula-
two consecutive triggerings of the source vertex should bebilty analysis can be applied to static-priority schedulabil-

separated by at least(7") units of time, called th@eriod ity analysis as well. We postpone the details of this to a

of the task graph. full version of this paper, and here the term “schedulability
Therefore, a sequence of vertices vs, . . ., v, getting analysis” always refers to dynamic-priority schedulability

triggered at time instants , o, . . . , 4, is legal if and only ~ analysis only.

if there are directed edge®;,vi+1), andt;11 — t; > The schedulability analysis for the Recurring Real-Time

p(vi,viy1) fori = 1,...,k — 1. The only exception is  task model presented in [2, 1] relies on the test given by

that v; 11 can also be the source ang the sink vertex,  Theorem 1. It checks the value df .., T'.dbf(t) for all
and in that case if there exists some verigxj < i, in values oft < tn.x and returndNOT SCHEDULABLE if
the sequence such thaj is also the source vertex then for any value oft this sum exceeds It can be proved

tiy1 —t; > P(T) must be additionally satisfied. The real- that ¢,,,, — ZTLQEIQWT)) which is therefore pseudo-
time constraints require that the job generated by triggering | Al L‘Z.TGT ﬁ . ificai fH
vertexuvi,i — 1,..., k, be assigned the processor &dr,) polynomial in the size of the input specificationtf Here

E(T) is the maximum cumulative execution requirement

amount of time within the time intervat;, t; + d(v;)]. g 1 £ vert th f h
Recall from Section 2 that the task independence as-21'SING Trom a sequence ol Vertices on any paih from the
source to the sink vertex of the task graptyof

sumptions require that once jobs are generated, they execute )
independently of each other (and therefore a restriction like _ ~OF any task grapi’, computing the value of'.dbf(t)
or some values < tya. iNVolves multiple traversals

first-come-first-served can not hold). Therefore, to ascer- . .
tain that a job generated by a vertexompletes execution (loops) through the task graph. It was shown in [1] that if
J0b g y P for a task grapi’, T.db f (t) is known for all “small values”

before a job generated by a vertexif there is a directed 4 then it is possible to calculate from these, the value of
edge fromu to v, either of the following conditions must T.dbf(t) for anyt. “Small values” oft for a task grap”
hold: p(u,v) > d(u), which guarantees that the vertex  are those for which the sequence of vertices that contribute
can be triggered only after the job generated by vertex towards computing’.dbf(t) contain the source vertex at
has completed execution, or thétu) < p(u,v) + d(v), most once. The value df.dbf(t) for larger values of is
which guarantees that the absolute deadline of the job genmade up of some multiple aE(T") plus T.dbf (') where
erated by vertexw is larger than or equal to the absolute ' is “small” in the sense described above. It follows that
deadline of the job generated by vertexin the real-time ~ 1-dbf (t) for anyt can be computed as follows (for a more
systems literature the first requirement is referred to as thedetailed description, refer to [1])
frame separation propertjd 0] and the second as thecal-
ized Monotonic Absolute Deadlines propefMAD) [3]. T.dbf(t) = max{|t/P(T)| E(T) + T.dbf(t mod P(T)),

In this paper we assume either one of these two properties ([t/P(T)] = VE(T) + T.dbf(P(T) + ¢ mod P(T))} (2)
to hold.

Task Sets and Schedulability Analysis. A task setT — To computer.dbf (t) for “.small" valugs oft, [1] constructs
{T1,Ts,...,T,} consists of a collection of task graphs, the anew task_ graph by taking two copies of the task_ graph of
vertices of which can get triggered independently of each T and adding an edge from the sink vert(_ax ofthe f|rst_graph
other. A triggering sequence for such a task’Ees legal to the source vertex pf th(—_: second and finally replacmg the
if and only if for every task grapff;, the subset of vertices source vgrtex of the first W'th a “dummy” vertex W|th'execu.—
of the sequence belonging T constitute a legal trigger- tion requirement and deadline equal to zero. The intertrig-
ing sequence fof; (follows from the task independence gering _separatlons on all edges outgoing from this source
assumptions in Section 2). In other words, a legal triggeringvertex Is also made equal to zerfﬂ.dbf(t) for all v_alues
sequence fof " is obtained by merging together (ordered by of ¢ are then calculated by enumerating all possible paths

triggering times, with ties broken arbitrarily) legal trigger- N this new graph. In [6] it was shown that the problem of
ing sequences of the constituting tasks. computingT.dbf (t) for a taskT is NP-hard and an FPTAS

The schedulability analysis of a task €is concerned for computing it was given. In the next section we describe

. . . . this algorithm and show how it can be used for approximate
with determining whether the jobs generated by all possible " : . .
: . schedulability analysis following the framework described
legal triggering sequences Bf can be scheduled such that

their associated deadlines are met. In Section 2.2.



4.1 Approximating the Demand-Bound Function

The algorithm given in this section constitutes Bugld-
ing Block 1shown in Figure 1. We first give an algorithm
for computing the demand-bound function of a task graph
for “small values” oft. Using this, we compute the demand-
bound function for any value afas described in Section 4.

Given a task graplf, let 7’ denote the graph formed by
joining two copies ofl" by adding an edge from the sink
vertex of the first graph to the source vertex of the sec-
ond, and replacing the source vertex of the first copy by
a “dummy” vertex as described above. If the frame separa-
tion property is followed then the newly added edge is la-
beled with an intertriggering separation of= d(vsink),

Algorithm 1 ComputingT” .dbf (t)

Input: Task grapHI™, and a real number > 0

for e < 1tonE do
d(v1) if e(vi) =e
te = o otherwise
t] e tie
end for
fori «— 1ton — 1do
for e — 1tonFE do

Let there be directed edges from the vertiogs, vi,, . . . , Vi, 1041

Mn{L oy~ ) R0 )+
tH—l,e - d(vi+1)‘j: 1,...,k} if e(’ui+1) < e,
d(vi41) if e(viy1) = e, andoo otherwise

. i+1
titi,e — mln{tiye,t;ilyﬂ}

end for
end for

T’.dbf(t) «— max{e|tn, <t}

and if the [-MAD property is followed then it is labeled
with p = min{0, d(vsink) — d(Vsource) }» Wherevgoyrce and
vgink denotes the source and the sink vertices olNow we inal (unscaled) execution requirements of these vertices is
give a pseudo-polynomial time algorithm based on dynamic greater than or equal td — ¢) times the actual demand-
programming, for computing’.dbf (¢) for values oft that bound function for the task graph for this valuetofFur-
do not involve any looping througdH, i.e. we consideronly  ther, this algorithm now runs in tim@(n*/e), (with the
“one-shot” executions df”. scaled execution requirements), and hence is an FPTAS for

Let there ben vertices inT” denoted by, ..., v,, and computing?”.dbf (t). We denote this approximate value of
without any loss of generality we assume that there can bel”.dbf(t) computed by this algorithm by’.db f'(t).
a directed edge from; to v; only if ¢ < j. Following If a task graphl” hasO(n) vertices, thenE(T') can be
our notation described in Section 3, associated with eachcomputed inO(n?) time. Using the FPTAS given above,
vertexv; is its execution requiremen{v;) which here is  T.dbf(t) for any value oft can therefore be approximately
assumed to be integral (a pseudo-polynomial algorithm is computed using Equation 2 i@i(n* /<) time. If we denote
meaningful only under this assumption), and its deadline this approximate demand-bound functionylb f’(t) then
d(v;). Associated with each edde;,v;) is the minimum  foranyt, T.dbf(t) > T.dbf’(t) > (1 — &)T.dbf (t).
intertriggering separatiop(v;, v;)- 4.2 Checking the Sum of the Demand-Bound

Let t; . be the minimum time interval within which the Eunctions
task7” can have an execution requirement of exactiyne This section describes thguilding Block 2in Figure 1
units due to some legal triggering sequence, consideringfor the Recurring Real-Time task model. Recall from Sec-
only a subset of vertices from the det;, . .., v;}, if all the tion 4 that the exact algorithm for schedulability analysis for
triggered vertices are to meet their respective deadlines. Lethis model requires a pseudo-polynomial number of checks
t; . be the minimum time interval within which a sequence of the sum of the demand-bound functions. Following
of vertices from the sefv,, ..., v;}, and ending with the  our framework for approximate schedulability analysis de-
vertexv;, can have an execution requirement of exaetly scribed in Section 2.2, we now show that combined with the
time units, if all the vertices have to meet their respective approximate demand-bound function computed in the last
deadlines. Lastly, letl = max;—1,..., e(v;). Clearly,nE section, a polynomial number of checks result in a bounded
is an upper bound ofi".dbf(t) for anyt > 0 for one-shot  error. As in Section 2.2, we present an optimistic and a pes-
executions of”. It can be trivially shown by induction that  simistic algorithm, and in addition present a third algorithm
Algorithm 1 correctly compute8”.dbf(t), and has a run-  where botFSCHEDULABLE andNOT SCHEDULABLE an-
ning time ofO(n3E). swers can be wrong. However, we show that the worst case

Given this algorithm,any > 0,and ar) < e < 1, letT} error incurred in either of these wrong decisions is less than
be the subgraph @’ consisting only of those verticesfor the error incurred by the previous two algorithms.
whichd(v;) < t, and letE; denote the maximum execution The bounds on the error we obtain here for all the algo-
requirement of a vertex from among all vertices{f Now rithms are tighter than the bounds derived in Section 2.2
we scale all the execution requirements associated with thefor the abstract model. Given the FPTAS described in
vertices of T} by K = ¢E;/ni.e.e'(v;) = |e(v;)/K| and the last section for approximating the value ®fbf(t),
run the algorithm with the new’(v;)s and the grapiTy. it is possible to obtain the following bound on the ap-
Let V' be the set of vertices (with the scaled execution re- proximate value of the demand-bound functi@hdb f'(t):
quirements) that result in the computation@tdbf (¢) in T.dbf'(t) + eEpr > T.dbf(t). HereEp is the maximum
this algorithm. We claim that the summation of the orig- execution requirement of any vertex in the task grdph



Algorithm 2 Optimistic Algorithm ¢umax, &)

Algorithm 3 Pessimistic Algorithmt(ax, &)

Input: tmax, d, m = number of task graphs i, for each task grapf’, Er is

the maximum execution requirement of any vertefin
K — Stmax

poly(m)
error «— 0

decision «— SCHEDULABLE
for t « 1to|‘max | 4 1do
it > peqr Todbf'(tK) > tK then
decision < NOT SCHEDULABLE
else
error_in_this_interval «—
max{min{ iz ¥ ;o7 T.dbf'(tK), > poq T.dbf’ (tK)+
EZTGT Er}—(t-1)K,0}
error «— max{error, error_in_this.interval}
end if

Input:  tmax, d, m = number of task graphs i@, for each task grapff’, Er is

the maximum execution requirement of any verteimndd is the minimum
deadline associated with any vertexiin
K « Stmax
poly(m)
decision «— SCHEDULABLE
for t « 1to |imax | 4 1do

if min{ 2= > pc 7 T-dbf' (dr + tK), Y poqp Todbf' (dr + tK) +
EZTGT ET} > dr + (t — 1)Kthen
decision < NOT SCHEDULABLE
end if
end for

returndecision)

end for

Algorithm 4 Algorithm with double sided error

Input:  tmax, d, m = number of task graphs i@, for each task grapff’, Er is
the maximum execution requirement of any vertegin
K — dtmax
poly(m)

decision < SCHEDULABLE
for t « 1to|‘max| 4 1do

it min{ s 3. pey Todbf (LK), S pey Tedbf’ (LK) +

€Y rer Er} > tK then decision « NOT SCHEDULABLE
end for

returndecision, error)

Further, since-T.dbf'(t) > T.dbf(t), we have

T.dbf(t) < min{ T.dbf'(t), T.dbf'(t) + eEr} (3)

1—c¢

which therefore gives the better of the two bounds for any  retumn@ecision)
value oft.

For any task setZ, Algorithm 2 always returns the
correct answer if7 is schedulable but might err if” ity (3), along with the optimistic version of the checking
is not schedulable. Hence, whenever this algorithm re- procedure given by ouBuilding Block 2in Figure 1. This
turnsNOT SCHEDULABLE, the decision is guaranteed to algorithm incurs a double sided erroSGHEDULABLE
be correct. BUSBCHEDULABLE answers might be wrong. answers can be wrong, but the maximum error in this
From Section 2.2, we obtain that the maximum possible case is bounded by<. NOT SCHEDULABLE answers
error that can be incurred by the algorithm is equal to can be wrong too, but the error in this case is bounded
K+ 15 S ey Tudbf/ (|32 ] + 1)K). However, us-  bymin{y= 377 T.dbf' (|22 ] +1)K), e X per E1}.
ing inequality (3) we can obtain a tighter bound on the Hence, the maximum error in either case is smaller than
error given by: K + min{t= > o7 T.dbf’(([ 32 ] + the maximum error incurred by the optimistic and the pes-
DK),eY per Er}. simistic algorithms.

However, for any given problem instance, the maximum Running Times. It can be shown that computing all pos-
error that is incurred will possibly be lower than the the- sible values off.dbf’(t) for “small values” oft and for
oretical worst case bound. Algorithm 2 computes this er- all task graphgd’ € 7, takesO(n°m/¢) time, where each
ror for each problem instance. For this, consider any inter- task graph inZ containsO(n) vertices andZ’ containsm
val[iK, (i + 1) K] suchthad ., T.dbf’(t) is checked at  task graphs [6]. All of these values are first computed and
t=iKandt= (i+1)K.Ifatt = (i+ 1)K, the computed stored in a table. During the second phase of the algo-
upper bound o}~ T.dbf(t) (computed using inequal-  rithm (when the sum of the demand-bound functions are
ity (3)) is less than or equal toi then the error incurred  checked to determine if they excegd for anyt, comput-
in the interval(iK, (i + 1) K] is equal to0, since then for  ing the value ofy"._ T.dbf’(t) needs table lookup which
anyt € (il (i + 1)K, > pcr T.dbf(t) is guaranteed to  takesO(n?me~!logn) time. Since the sum of the demand
be less than or equal to Alternatively, if the computed up-  pound functions is checked f@(%(m)) values oft, the
per bound or)_ ;.. T.dbf(t) is greater thanK then the  rynning time of any of the three algorithms described above
maximum possible error in the intervalk, (i + 1)K] is is O(n®me=! + n%me =16 poly(m) log n) time. Hence,
equal to the difference between this bound ahd Algo-  our approximate schedulability analysis for the Recurring
rithm 2 computes this error at each interval and outputs thereal-Time task model runs in polynomial time.
maximum among the computed error values.

Algorithm 3 gives the corresponding pessimistic algo- 5 Experimental Results
rithm in which SCHEDULABLE answers are guaranteed This section reports some experimental results obtained
to be correct andNOT SCHEDULABLE answers might be by applying Algorithm 2 on a set of randomly generated
wrong, where the maximum error is the same as in thetask graphs. We have implemented an exact schedulabil-
case of Algorithm 2. Finally, Algorithm 4 uses an up- ity analysis algorithm, based on the dynamic programming
per bound on the value &f.dbf(t) as given by inequal-  algorithm (Algorithm 1) for computing the demand-bound




in the task set). Note that the times reported here do not in-

exact 02 04 06 08
exact | 775 36 18 11 9 volve the time required to compute the demand-bound func-
: 9z | &L o 19 tions. These are precomputed and stored in a table.
06 | 749 34 16 11 8 Lastly, in Figure 3(a) we show the percentage of wrong
08 | 728 33 16 11 8 answers returned by the algorithm for different values of
Table 1. Running times (in ms) oBuilding Block 2in andJ. For this we have averaged the results obtained from a
Figure 1 fork = max set 0f600 task sets, each, as before, consisting of three task

function and testing if the sum of the demand-bound func- 9"aPhs with30 vertices in each graph and maximum exe-
tions for all the task graphs excestbr all # < .. This  Cution requirement of any vertex equal2o). Here, again
algorithm runs in pseudo-polynomial time. We compare the 2 = “mé* andm = 3. Figure 3(b) shows the correspond-

running time of this algorithm against the algorithm for ap- "9 Maximumerror values obtained, averaged over ¢i®
proximate schedulability analysis. task sets, for different values efands.

Instead ofm®, if a higher degree polynomial is used,
then the maximum error incurred and the percentage of
wrong results, both decrease because more valuesiaf

For our experiments we have randomly generated syn-
thetic task graphs, using two parameters. The first is the

maximum execution requiremenf;, associated with any h d. All th K idered in th .
vertex of the graph. The running time of the pseudo—t en tested. All the task sets considered in the experiment

polynomial exact algorithm and the quality of the results were generated such that they either fully load the proces-

obtained by the approximate schedulability analysis, both, SO"» ©F When not schedulable, the vertices miss their dead-
lines only by small lengths of time. Therefore, these rep-

depend on this parameter. We call the second parameter th
P " P resent the most difficult cases for the approximate schedu-

connectivity factor If v, ..., v, are the vertices of a task - ! i . .

graph such that there is an edge fropto v; only if j > 4, lability a:naly5|s algorithm. _Ifthe task sets are either “com-

then while generating the graph for each vertexve con- fortably scht_adulable_, leaving the processor idle over long

struct an edge from; to v, with a probability equal to the intervals of.tlme, or if th(_ey overl_oad the processor in the
sense that jobs miss their deadlines by large time lengths,

connectivity factor of the graph, forall=1,...,5 — 1. hen th ¢ : d by th
Our randomly generated task graphs representanetworll en.t e percentage orwrong resu s rgturne y the ap-
roximate schedulability analysis algorithm decrease. If

packet processing case study. The parameters used to ger- . ?
erate these graphs (i.€.and the connectivity factor) reflect Iﬁ]e Ioad-factorzof a;%f}'f(f?eﬂ— is defined asmax{t =

this application domain for our algorithms. Details of these 1;-- - fmax | =*=5———1, then the load-factor of all
application may be found in [5]. For example, a connectiv- the task sets considered in our experiments were between
ity factor equal td).4 is used in all the tests since this results 0-93 and1.11. Lastly, among th&00 task sets considered,

in graphs which are similar to those arising in practice, and arounds0% were schedulable and the rest not.

E is either equal t®00 or 600 representing two possible All the CPU times reported here were measured on a
cases in the above mentioned application. moderately loaded Sunblade 1000 running SunOS 5.8 with
Figures 2(a) and 2(b) show the running times involved 750 MHz CPU and 2 GB RAM. All the algorithms were

in computing the demand bound function for a single task implemented in Java.
graph using the exact pseudo-polynomialalgorithm (i.e. Al- 6 Other Task Models
gorithm 1) and the FPTAS for four different values of Our results in Section 2.2 also imply polynomial time al-
when the number of vertices in the graphs is gradually in- gorithms for approximate schedulability analysis for mod-
creased. In the first figure, the maximum execution require-els such as the Sporadic, Multiframe and the Generalized
ment of a vertex is set 200, while in the second itis equal  Multiframe. All of these models can be considered to be
to 600. Note that in the former case, the exact algorithm special cases of the Recurring Real-Time task model. Nev-
is better than the FPTAS far = 0.2 when the number of  ertheless, we especially point them out here since the re-
vertices in the graph increase beyeaitd Therefore, the op-  sulting algorithms for approximate schedulability analysis
timal choice ofs depends orZ and the number of vertices are considerably simpler compared to those for the Recur-
in the task graph. ring Real-Time task model. The reason for this is that, in all
In Table 1 we show the running times involved in per- of these models the demand-bound function for aiegn
forming the test to determine if the sum of the demand- be computed (exactly) in polynomial time. Therefore, the
bound functions for any exceedg, for exact case where pseudo-polynomial running times of the known algorithms
tmax tests are performed and for different value$ af the for schedulability analysis for all of these models are at-
approximate analysis. Here the task set consists of thredributed to the pseudo-polynomial number of tests to verify
task graphs witt80 vertices per graph and the maximum if for any ¢ the sum of the demand-bound functions exceed
execution requirement associate with any vertex is equal tolf ¢,,,. is the number of tests to be performed, then as shown

200, andK = ‘”"7* (wherem = 3 is the number of tasks  in Section 2.2, an algorithm for approximate schedulabil-
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Figure 2. Running times for computing the demand-bound function for a single task graph with=£a200 and (b)E = 600.
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ity analysis for any of these models performs o@l@%)
. 5tmax . in
tests wherdy, as before, is equal t ST (6 is the in
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polynomial time algorithms for approximate schedulability
analysis. Due to space constraints here we skip the details
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7 Concluding Remarks

In this paper we introduced a notion of approximate
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model was stated as a possible future research direction in
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ning time.
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